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THE ENERGY-CRITICAL DEFOCUSING NLS ON T 3 

ALEXANDRU D. IONESCU AND BENOIT PAUSADER 



Abstract. We prove global well-posedness in i? 1 (T 3 ) for the energy-critical defocusing 
initial- value problem 

■ (id t +A)u = u\u\ 4 , u(Q) = (f>. 
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Let T := M/(27rZ). In this paper we consider the energy-critical defocusing equation 

(id t + A)u = u\u\ 4 (1.1) 

in the periodic setting i6T 3 . Suitable solutions on a time interval I of fll.l[) satisfy mass 
and energy conservation, in the sense that the functions 

M(u)(t):= [ \u{t)\ 2 dx, E(u)(t):=\f \Vu{t)\ 2 dx + \ [ \u{t)\ e dx, (1.2) 

are constant on the interval /. Our main theorem concerns global well-posedness in 
ifi(T 3 ) £ Qr initial- value problem associated to the equation (II. ip . 

Theorem 1.1. (Main theorem) If <fi G ff 1 (T 3 ) i/ien t/iere exists a unique global solution 
u G X X (]R) of the initial-value problem 

(id t + A)u = u\u\\ u(O) = 0. (1.3) 
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In addition, the mapping <p — > u extends to a continuous mapping from H l (T 3 ) to 
X 1 ([—T,T]) for any T £ [0, oo) ; and the quantities M{u) and E{u) defined in (II .2p 
are conserved along the flow. 



The uniqueness spaces C C{I : i/ 1 (T 3 )) in the theorem above are defined pre- 

cisely by Herr-Tataru-Tzvetkov [15] and |16j . 

The corresponding result in the Euclidean space M 3 was proved by Colliander-Keel- 
Staffilani-Takaoka-Tao [9] (see also [31 El HH [201 [ZH HH1 [23l [27] ) and is an important tool in 
our analysis. Motivated by this result, there has been interest to obtain global existence of 
the defocusing energy- critical equation in more general manifolds, see [T4"[ [TBI 1^51 [T8l [T7j . 

Theorem 11.11 completes both previous results of the authors and G. Staffilani [THJ [T7J 
about the energy-critical nonlinear Schrodinger equation on different manifolds, such as 
H 3 and KxT 3 , and previous results of Bourgain [3] who proved the global existence of 
solutions in the energy-subcritical case. It also extends the recent results in Herr-Tataru- 
Tzvetkov [15] who proved global existence of small energy solutions of (11.11) . 

We also refer to [21 [5J El [7J [TUl [UJ [13] for other results of global existence and large 
time behavior of subcritical Schrodinger equations on compact manifolds. 

In this paper we extend and refine the strategy from [18] to the case when no global dis- 
persion is allowed. The main new ingredients that we need are an extinction result which 
is here provided by Lemma I4.3[ and a better study of the error term in the construction 
of an approximate solution in Lemma [6.21 

The extinction argument is obtained by decomposing the linear propagator into a com- 
ponent which lives on a time interval during which all wave packets travel a distance ~ 1, 
and another component where the wave packets have had time to exit a given ball, but 
not to refocus more than o(l) percent of their modes. 

The analysis of the interaction between nonlinear profiles and linear solutions which are 
sufficiently far from saturating the Sobolev inequality is done in section [7J The qualitative 
fact we need, see for example [TJ [22], is that any limit of the quantum measure associated 

to ^ Jq I Ve ltA R{\ 2 dt S j dx is absolutely continuous with respect to dx. Hence, we expect 

the effect of the interaction of e ttA R( with a concentrating function N^ 2 <j)(NkX, N%t), 
Nk — > +oo to be negligible as k — > +oo. In our case we need strong convergence and 
quantitative bounds, which we prove in section [71 

On the other hand, this does not rule out interaction with a Scale- 1 function and it 
is difficult to adapt the argument from [TS] which relies on some smoothing-effect type 
estimate. However, we note that in order to obtain global existence, it suffices to rule out 
concentration of the solution on arbitrarily small time intervals, during which a Scale-1 
evolution did not have time to occur. 

The arguments we present here appear quite robust and we expect adaptations of them 
to hold on more general compact manifolds (as long as one has a critical small-data 
theory), for example on Zoll manifolds which have been recently been studied in [14] . 
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The rest of the paper is organized as follows. In Section El we introduce our notations 
and state some previous results. In Section [31 we use previous results of Herr-Tataru- 
Tzvetkov [15] to develop a large-data local well-posedness and stability theory for the 
equation (11. ip . In Section HJ we study the behavior of solutions to the linear and nonlinear 
equation concentrating to a point in space and time. In Section [5j we recall the profile 
decomposition from [18] (see also [21]) to address the loss of compactness of the Sobolev- 
Strichartz inequality. In Section [61 we prove Theorem ll.l[ except for a lemma about 
approximate solutions which is finally proved in Section [7J 



In this section we summarize our notations and collect several lemmas that are used in 
the rest of the paper. 

We write A < B to signify that there is a constant C > such that A < CB. We 
write A ~ B when A < B < A. If the constant C involved has some explicit dependency, 
we emphasize it by a subscript. Thus A < u B means that A < C{u)B for some constant 
C{u) depending on u. 

We write F(z) = z\z\ A the nonlinearity in ( II. ip . For p G N n a vector, we denote by 
^Pi,...,p„( a i, • • • ; o n ) a |p|-linear expression which is a product of p\ terms which are either 
equal to a± or its complex conjugate a x and similarly for pj, a,j, 2 < j < n. 

We define the Fourier transform on T 3 as follows 



We now define the Littlewood-Paley projections. We fix r] 1 : M. — > [0, 1] a smooth 
even function with ^(y) = 1 if \y\ < 1 and f] l (y) = if \y\ > 2. Let t] 3 : IR 3 — > [0, 1], 
? ? 3 (0 := 7 ? 1 (^i) 2r ? 1 (^2) 2 '7 1 (^3) 2 - We define the Littlewood-Paley projectors P<at and P/v 
for N = 2 J > 1 a dyadic integer by 



2. Preliminaries 




We also note the Fourier inversion formula 






7? 3 (£/iv)(jy)(£), e^ 3 , 

P N f := P<Nf - P<N/2f if 



iV > 2. 



a 



AT, 



>a • — 



E 



'+ , JV>. 
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Function spaces. The strong spaces are the same as the one used by Herr-Tataru- 
Tzvetkov [T51 [TH]. Namely 



\ u \\x> 



i«iiv,„:= \j2(o 2s \\e^ (Mmmh 

where we refer to [151 US] for a description of the spaces U p and V p and of their properties. 
Note in particular that 

For intervals / C R, we define X l (I) in the usual way as restriction norms, thus 
X l (I) := {u E C(I : H l ) : := sup [inf{||f || x i (R) : v\j = u}] < oo}. 

JCI,\J\<1 

The norm controling the inhomogeneous term on an interval / = (a, b) is then defined as 



|^IU(j) 



e i(.t-*)A h f s \ ds _ (2.1) 

X\I) 



We also need a weaker critical norm 

P e {P0 ,M W ^ 1 n ^ (2.2) 

p = 4 + 1/10, p! = 100. 

A consequence of Strichartz estimates from Theorem 12.11 below is that 



Z(I) < ||w||xi(/), 



thus Z is indeed a weaker norm. The purpose of this norm is that it is fungible and still 
controls the global evolution, as will be manifest from the local theory in Section |3j 

Definition of solutions. Given an interval / C M, we call u EC{I : if 1 (T 3 )) a strong 
solution of (II. ip if u E A 1 (J) and u satisfies that for all t,s E I, 



e t(t -*' )A (u(t')\u(t')\ 4 )dt'. 

Dispersive estimates. We recall the following result from [3]. 
Theorem 2.1. If p > 4 then 

\\PNe UA f\\ LPxt(T3xhm < p N 3 "l\\P N f\\ LW . 
As a consequence of the properties of the U P A spaces, we have: 
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Corollary 2.2. If p > 4 then for any cube C of size N and any interval I, \I\ < 1, 

H-ffcu||z£ it (T3xJ) ~ N ^~*\\ u \\ul(i,L2)- (2-3) 
We will also use the following results from Herr-Tataru-Tzvetkov [13] . 
Proposition 2.3 ([15J, Proposition 2.11). If f e L\(I, F^T 3 )) tfiera 

H/||iv(/)< sup / f(x,t)v(x,t)dxdt. (2.4) 

{[|«|| y -i (I) <l}^T»x/ 

In particular, there holds for any smooth function g that 

IMUi([o,i]) < ||ff(0)||fli + (J2 W P N (idt + A) g\\ 2 L]mw )^ (2.5) 

JV 

3. Local well-posedness and stability theory 

In this section we present large-data local well-posedness and stability results that allow 
us to connect nearby intervals of nonlinear evolution. A consequence of [13] is that the 
Cauchy problem for (11. ip is locally well-posed. However, here we want slightly more 
precise results. 

We start with a nonlinear estimate. The goal here is to obtain estimates which are 
linear in a norm controlling L^H 1 . For this we introduce 

i i 

\\u\\z>(i) = (3-1) 

We have the following result: 

Lemma 3.1. There exists 5 > such that ifu\, u 2 , U3 satisfy P^Ui = u% with N\ > N 2 > 
N 3 and \I\ < 1, then 

N 3 1 ^ * 



\\UlU 2 U 3 \\ L 2^ T 3 xI) < \j^ + J^J ll W llly°(l)ll u 2|U'(/)||M3|U'(/) (3-2) 

and, with po = 4 + 1/10 as in (12. 2p . 

\\uiu 2 u,\\ Llt[rixI) < (3.3) 

Proof of Lemma \3.1\ Inequality (13. 2 p follows from interpolation beween the following es- 
timate 

/N 3 1 V° „ 

\\uiU2U3\\l 2 t ^ N 2 N 3 — + — ||wi||yo||w2||yo||w 3 ||yO 



Ni N 2 J 

from [T3| Proposition 3.5] and the estimate 

\\uiU 2 U 3 \\ L 2 < ||Mi||yo||w 2 ||z||w3|U- 
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To prove this second estimate we observe that if {Ck}k& is a partition of Z 3 in cubes of 
size N 2 then the functions (Pc k Ui) u 2 u% are almost orthogonal in L 2 X . Using ( 12. 3p . 

\WlU 2 U Z \\l l t{rixI) < II ( P C k U!) U 2 U 3 \\l l t 

k 

~ / . ll-PCfc^lH^O ||«2|li»0 ll M 3||^2p /(p -4) 

k 

^ II u 2|||(/)||m3|||(/) ^2 \\ Pc k u A\u p °{i,vy 

k 

Using that Y°(I) U^(I,L 2 ) and remarking that the y°-norm is square-summable 
finishes the proof. 

The bound (13.31) follows by a similar argument directly from the definition (I2.2p . □ 

From this, using Proposition 12.31 and arguing as in [THl Lemma 3.2], one obtains the 
following lemma which essentially appears in [15, Proposition 4.1]: 

Lemma 3.2. For Uk £ X (I), k = 1 . . . 5, |/| < 1, the estimate 

II n- =1 u& 1 1 iv(j) < 2J lhMi)IUM') n i>2ll?Mi)IU'(/) 

/ioWs irue, where Uk £ 

This follows from the more precise estimate 

|| PBUlH] =2 P<DBUj\\N{I) <g 1 1 *Wi 1 1 jfl (j) II| =2 1 1 1 1 Z'(J) , (3.4) 
B>1 

which is proved similarly as in [HI Lemma 3.2]. This implies the following: 

Proposition 3.3 (Local well-posedness) . (i) Given E > 0, there exists 5 = 5 (E) > 
such that if ||0||^i( T 3) < E and 

\\e UA Hz(i) < So 

on some interval I 3 0, \I\ < 1, then there exists a unique solution u £ X Y {I) of (II. ip 
satisfying u(0) = <fi. Besides 

\\u-e^cf>\\ XHI) < E He^H^. 

The quantities E(u) and M(u) defined in (11.21) are conserved on I . 
(ii) If u £ X l (I) is a solution of (II. 3p on some open interval I and 

\\ u \\z{i) < +00 

then u can be extended as a nonlinear solution to a neighborhood of I and 

IMUi(j) < C(E(u), \\u\\ Z (i)) 
for some constant C depending on E(u) and \\u\\zm- 
The main result in this section is the following: 



(3.9) 
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Proposition 3.4 (Stability). Assume I is an open bounded interval, p G [—1,1], and 
u G X 1 ^) satisfies the approximate Schrddinger equation 

{id t + A)u = pu\u\ A + e on T 3 x I. (3.5) 

Assume in addition that 

\\u\\z{i) + ||«|Uf(/,i?l(T 3 )) < M > ( 3 - 6 ) 
for some M G [1, oo). Assume to £ I and uq G // 1 (T 3 ) zs suc/i that the smallness condition 

11% - «(*o)||hHt 3 ) + ll e IU(/) < e (3-7) 

ZioZds /or some < e < ei, where e\ <1 is a small constant e\ = 6i(M) > 0. 
T/ien t/iere exists a strong solution u G X 1 (J) o/ the Schrddinger equation 

(id t + A)u = pu\u\ 4 (3.8) 

such that u(t ) = u and 

IM|xi(/) + - C ( M )> 

\\u-u\\ x i {1) < C(M)e. 

The proof of these proposition is very similar to the proof of the corresponding state- 
ments in [TBI Section 3] and is omitted. 

4. Euclidean profiles 

In this section we prove precise estimates showing how to compare Euclidean and 
periodic solutions of both linear and nonlinear Schrddinger equations. Such a comparison 
is meaningful only in the case of rescaled data that concentrate at a point, and then, 
only for short time (e.g. since the linear flow in T 3 is periodic). We follow closely the 
arguments in [T7J Section 4]. 

We fix a spherically-symmetric function rj G C^°(M 3 ) supported in the ball of radius 2 
and equal to 1 in the ball of radius 1. Given G if 1 (R 3 ) and a real number N > 1 we 
define 

Q N <P G H\R 3 ), {Q N <f>)(x) = V (x/N^ 2 )(f>(x), 

<f) N G H\R 3 ), 4> N (x) = N^(Q N( j))(Nx), (4.1) 

f N G ^(T 3 ), f N (y) = M*-\y))> 

where * : {x G M 3 : \x\ < 1} -»■ O C T 3 , V(x) = x. Thus Q N (j) is a compactly 
supported^ modification of the profile <p, 4>n is an if ^invariant rescaling of Qat0, and fx 
is the function obtained by transferring ipjq to a neighborhood of in T 3 . We define also 

' ; " l2 dx + - [ \<bfdx. 



2 Jm3 6 



lr This modification is useful to avoid the contribution of <f> coming from the Euclidean infinity, in a 
uniform way depending on the scale N . 
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We will use the main theorem of [9], in the following form. 

Theorem 4.1. Assume ip G iT(M 3 ). Then there is a unique global solution v G C(R : 
H 1 (IR 3 )) of the initial-value problem 

(id t + A R3 )v = v\v\\ v(0) = V, (4.2) 

and 

II |Vr3u| H^ooiinifLD^xK) < C(Esp(i>))- (4-3) 
Moreover this solution scatters in the sense that there exists ip ±oa G iJ 1 (lR 3 ) swca that 

IK*)-^ a ^ ±oo |Ihi( R 3)^0 (4.4) 
as i ->■ ±oo. Besides, if i/j G # 5 (M 3 ) f/ien f G C(R : # 5 (R 3 )) and 

sup||«(*)ll^(R») %\MU^ !■ 



£T 5 (R 3 ) 

Our first result in this section is the following lemma: 

Lemma 4.2. Assume G /f 1 (IR 3 ), To G (0, oo), ana 1 p G {0, 1} are given, and define fx 
as in (14. ID . Tnen iae following conclusions hold: 

(i) There is N = N (<ft,T ) sufficiently large such that for any N > N there is a 
unique solution G C((— T N~ 2 , T N~ 2 ) : i/ 1 (T 3 )) of the initial-value problem 

(id t + A)U N = P U N \U N \\ U N (0) = f N . (4.5) 

Moreover, for any N > Nq, 

\\Un\\xi(-t n-2,t n-2) ^E R3 (<f>) 1- (4.6) 

(mJ Assume e\ G (0,1] zs sufficiently small (depending only on E^s(<f>)) } <fi' G H 5 (R 3 ), 
and ||0 — </>'||/fi(]R3) < £i- £et t/ G C(R : if 5 ) denote the solution of the initial-value 
problem 

(id t + A^)v' = pv'\vf, i/(O) = 0'. 

For R,N>1 we define 

v' R (x, t) = V (x/R)v'(x, t), (x, t) G R 3 x (-T , T ), 

^ iJV (x, t) = N*v' R (Nx, NH), (x, t) G R 3 x (-T iV- 2 , ToiV" 2 ), (4.7) 

V R , N (y,t) = v' RtN ^-\y),t) {y,t) G T 3 x (-ToiV- 2 ,T iV- 2 ). 

Then there is Rq > 1 (depending on T Q and <p' and E\) such that, for any R ^ Rq, 

limsup \\U N - V RjN \\ x i(-t n-2,t n-2) ^£ r3 (</>) £ i- (4-8) 

V-^oo 

The proof of Lemma T4.2I is very similar to the proof of [T7J Lemma 4.2] and is omitted. 
To understand linear and nonlinear evolutions beyond the Euclidean window we need an 
additional extinction lemma: 
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Lemma 4.3. Let G H 1 (R 3 ) and define Jn as in (14. 1ft . For any e > 0, there exists 
T = T(i[), e) and N (ip, e) such that for all N > N Q , there holds that 

\\J tA f II < cr 

\\ e JNWziTN- 2 ^- 1 ) £ - 

Proof of Lemma \4-3\ For M > 1, we define 

K M (x,t) = e~^ 2+x -^/M) = e UA P< M 5 . 

We note from |2] Lemma 3.18] that Km satisfies 

r M ]3 

~ 1 ^(1 + M\t/(2n)-a/ q \Vi) \ ^ 

if 

t/(2vr) =a/q + 0, q G {1, . . . , M }, a G Z, (a, g) = 1, < (Mg)" 1 . (4.10) 

From this, we conclude that for any 1 < S < M 

\\K M (x,t)\\ L ~ po xl sM->,s-i]) < S-^M 3 . (4.11) 

This follows directly from ( 14. 9ft and Dirichlet's lemma, by considering the cases \t\ G 
[SM~ 2 ,M~ l ] and \t\ G [M _1 , 

In view of the Strichartz estimates in Theorem 12.11 to prove the lemma we may assume 
that G C^°(IR 3 ). In this case, from the definition, 

\\PKf N \W^) <0 AT" 5 / 2 , \\P K f N \\ L 2 {T3) < (1 + K/N)- 10 N-\ (4.12) 
Using the Strichartz estimates in Theorem 12.11 we obtain, for p G [5, oo], 

\\e ltA P K fN\\LU^[-i,i\) U i^ 3/2 - 5/p (l + K/N)- w N-\ (4.13) 
Therefore, if 1 < T < JV and p G {6, 24}, 

£ ^/ 2 ||e^P^^|r Llt(T3xhl>1]) <, T-Vioo. (4 . 14) 

^[TVT-Vioo^TVioo] 

To estimate the remaining sum over if G [AT -1 / 100 , NT 1 / 100 ] we use the first bound in 
(1412]) together with (14311 (with M « max(if, N), S It follows that, for all if, 

||e itA Px^|U-(T3x[T7v- 2 ,T-i]) ST- 3 / 2 (if + iV) 3 iV- 5 / 2 . (4.15) 

Interpolating with ( 14131 . for p G [5, oo] and if G [iVT" 1 / 100 , NT 1 / 100 ] 

||e itA Pi./iv||x S>t (T3x[TiV- 2j T- 1 ]) <0 T-^N 1 ' 2 -^. (4.16) 

The lemma follows using (14.141) and ( 14. 16ft . by setting T = T(e, ip) sufficiently large. □ 
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For later use we record one more estimate that follows from (14.151) and ( 14.12ft : if 
<f) G C °°(M 3 ), p G [4, oo], 1 < T < N, and f N is defined as in (jiTTjh then 

sup \\e UA f N \\ LP{T3) < T - 1 /iQ iV V2-3/p_ (4 _ 17) 

\t\£[TN~ 2 jT^ 1 ] 

We conclude this section with a proposition describing nonlinear solutions of the initial- 
value problem (11 .3p corresponding to data concentrating at a point. In view of the profile 
analysis in the next section, we need to consider slightly more general data. Given / G 
L 2 (T 3 ), t e R and a; G T 3 we define 

faro/) fa) := /fa - s ), 

(n to>a;o )/(x) = (e- ltoA /)(x - s ) = (* xo e- itoA f)(x). 
As in dU]) , given G if^IR 3 ) and iV > 1, we define 

T^fa) := A^N^fa)) where 0{y) := r](y /N 1/2 )<p{y), 
and observe that 

T^r : if 1 (lR 3 ) — > if 1 (T 3 ) is a linear operator with ||Tjv0||.e" 1 (T 3 ) ^ H0lli/i(R3). 
Let J-" e denote the set of renormalized Euclidean frames 

T e := {(N k , t k , x fc )fc>i : N k G [1, oo), t k -> 0, x fe G T 3 , 

A^fc — )■ oo, and = or iV^|£fc| — )■ oo}. 

Proposition 4.4. Assume that O = (N k ,t k , x k ) k G .F e; G if^lR 3 ), and /et £4(0) = 
Il tk)Xk (T Nk (f>). 

(i) There exists r = r(<p) such that for k large enough (depending only on <fi and O) 
there is a nonlinear solution U k G X 1 (—t,t) of the initial-value problem (11 .3p and 

\\U k \\x^{-r,r) ^e %3 {4>) 1. (4.18) 

(ii) There exists a Euclidean solution u G C(R : i/ 1 (lR 3 )) o/ 

(z<9 t + A R3 )u = u|u| 4 (4.19) 

wt/i scattering data (fi ±0 ° defined as in (14.41) suc/i that the following holds, up to a sub- 
sequence: for any e > 0, there exists T(0, e) such that for all T > T(<f>,e) there exists 
R{4>i £ , T) such that for all R > R(4>, £, T), there holds that 

\\U k — "Sfc llA' 1 ({|t-t fc |<T 1 Ar- 2 }n{|t|<T- 1 }) — £ ' (4.20) 
for k large enough, where 

(?C- Xk u k )(x,t) = Nl V (N k ^- 1 (x)/R)u(N k ^~ 1 (x),N 2 k (t-t k )). 
In addition, up to a subsequence, 

\\U k (t) - n 4fc _ tiXfe T A r fc ± ^|| x i ({±(t _ tfc) > TAr -2| n{ | t |< r _i| ) < e, (4-21) 
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fork large enough (depending on <p,e,T,R). 

Proof of Proposition |^T71 Clearly, we may assume that x k = 0. 

We have two cases. If t k = for any k then the lemma follows from Theorem 14. 1[ 
Lemma 14.21 and Lemma 14.31 we let u be the nonlinear Euclidean solution of (14.191) with 
u(0) = 4> and notice that for any 5 > there is T(0, S) such that 

||V R 3u|| ip < 5. 

"Lj t (R3x{\t\>T&,6)}) 

The bound (I4.20p follows for any fixed T > T(0, S) from Lemma 14.21 Assuming 5 is 
sufficiently small and T is sufficiently large (both depending on and e), the bound (14.211) 
then follow from Theorem 14.11 Lemma 14.21 and Lemma 14.31 (which guarantee smallness of 
l±(t) • e itA U k (±N- 2 T((f),5)) in Z({\t\ < T" 1 })) and Proposition [331 

Otherwise, if lim^oo Nl\t k \ = oo, we may assume by symmetry that N k t k — > +oo. 
Then we let u be the solution of (I4.19P such that 

||V K3 ( M (t)-e itA « 3 0) || L2 (R3)^0 

as t — > — oo (thus 0~°° = 0). We let = u(0) and apply the conclusions of the lemma to 
the frame (N k , 0, 0)^ G T e and 14 (s), the solution of (ll.ip with initial data 14(0) = T Nk (j>. 
In particular, we see from the fact that N k t k — > +oo and (I4.2ip that 

\\V k (-t k ) - U tk , T Nk 4>\\ H i {T3) 

as — » oo. Then, using Proposition I3.4[ we see that 

\\U k - 14(- - *fe)||xi(-T-i,r-i) ->■ 
as k — y oo, and we can conclude by inspecting the behavior of 14- This ends the proof. □ 

5. Profile decompositions 

In this section we show that given a bounded sequence of functions f k G i/ 1 (T 3 ) we 
can construct suitable profiles and express the sequence in terms of these profiles. The 
statements and the arguments in this section are very similar to those in [TTl Section 
5] and [TSl Section 5]. See also [2T] for the original proofs of Keraani in the Euclidean 
geometry. 

As before, given / G L 2 (R 3 ), t G R, and x G T 3 we define 

(U t0jX0 )f(x) = (e- u » A f)(x - x ) = (Tr xo e- u ° A f)(x). {5A) 
As in ([HI]) , given G H 1 ^ 3 ) and N > 1, we define 

T N (f)(x) := N^N^ix)) where 0(y) := r](y/N 1/2 )(j)(y), (5.2) 
and observe that 

T N : H\R 3 ) ->- H\T 3 ) is a linear operator with \\T n <I)\\ h i { t^ < WWfrpay (5.3) 
The following is our main definition. 
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Definition 5.1. (1) We define a Euclidean frame to be a sequence JF e = {N k ,tk,x k )k 
with N k > 1, Nf. — > +oo ; t k G M,, t k — > 0, x k G T 3 . We say that two frames 
(N k , t k , x k ) k and (M k , s k , y k , ) k are orthogonal if 



lim 



, N k 

m TT 

M k 



+ N k \t k - s k \ + N k \x k - y k \ = +oo 



Two frames that are not orthogonal are called equivalent. 
(2) If O — (N k ,t k ,Xk)k is a Euclidean frame and if (f> G H 1 ^ 3 ), we define the Eu- 
clidean profile associated to (<f), O) as the sequence <po k 

4>o k {x) := Xl tk , Xk {T Nk (j)). 

The following lemma summarizes some of the basic properties of profiles associated 
to equivalent/orthogonal frames. Its proof uses Lemma [4.21 with p = to control linear 
evolutions inside the Euclidean window and the bound (I4.17P to control these evolutions 
outside such a window. Given these ingredients, the proof of Lemma 15.21 is very similar 
to the proof of Lemma 5.4 in [17], and is omitted. 

Lemma 5.2. (Equivalence of frames) 

(i) If O and O' are equivalent Euclidean profiles, then, there exists an isometry of 
H 1 ^ 3 ), T such that for any profile ipo' , up to a subsequence there holds that 

limsup \\Tip 0k - V>oJjji(Trs) = 0. (5.4) 

k— >+oo 

(ii) If O and O' are orthogonal frames and ipo k! Po' are corresponding profiles, then, 
up to a subsequence, 

lim (ipo k ^o',)my.m{TZ) = 0, 

k— >+oo " 

lim (|^oJ 3 , YPo' | 3 )l2 x l2(t3) = 0. 

k— >+oo * 

(Hi) If O is a Euclidean frame and i[>o k > ¥o k are two profiles corresponding to O, then 
lim (||^oJl2 + ¥Po k \hA = 0, 

Kmj3o k ,$O k )mxHi{TS) = (^)£ix£i(R 3 )- 

Definition 5.3. We say that a sequence of functions {f k } k Q if 1 (T 3 ) is absent from a 
frame O if, up to a subsequence, for every profile ipo k associated to O, 



J {fki>o k + V/ fc V^ 0ft ) dx -> 



as k — >■ +oo. 
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Note in particular that a profile associated to a frame O is absent from any frame 
orthogonal to O. 

The following proposition is the core of this section. Its proof is similar to the proof of 
[18"| Proposition 5.5], and is omitted. 



Proposition 5.4. Consider {fk}k a, sequence of functions in if 1 (T 3 ) satisfying 

limsup ||/fc||flifrs) < E (5.5) 

fc— >+oo 

and a sequence of intervals I& = {—T^, T k ) such that \I k \ — > as k — » +od3. Z7p to passing 
to a subsequence, assume that f k — ^ g G i/ 1 (T 3 ). There exzsis a sequence of profiles 
ipQc* associated to pairwise orthogonal Euclidean frames O a such that, after extracting a 
subsequence, for every J > 

f k = 9+ £ ^ + (5-6) 



Ka<J 



where R( is absent from the frames O a , a < J and is small in the sense that 

lim sup lim sup [ sup N~* \ (e itA P N R() (x)\] = 0. (5.7) 

J^+oo fc->+oo N>l,t£l k ,x£T 3 

Besides, we also have the following orthogonality relations 

\\fk\\h = \\g\\h + \\R J k \\h + o k (i), 

llvMlia = ||v^||| 2 + £ \\^r\\h m + \\vR J k \\h + o fc (i), 



(5.8) 



lim lim sup 

J-++OC k^ + oc 



\\fk\\% - \\g\\% - 22 II ^o. 



o. 



where o k (l) — >■ as k — > +oo, possibly depending on J. 



6. Proof of the main theorem 

From Proposition I3.3[ we see that to prove Theorem it suffices to prove that 
solutions remain bounded in Z on intervals of length at most 1. To obtain this, we induct 
on the energy E{u). 

Define 

A(L,r) = sup{||u||| (J) ,£(u) < L, \I\ < r} 



2 Thc condition (|5.7|l on the smallness of the remainder i?^ depends on both the sequence of functions 
fk and the sequence of intervals Ik- The existence of both these sequences is a consequence of the 
contradiction assumption E max < oo in Theorem 16. II 
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where the supremum is taken over all strong solutions of ( 11.11) of energy less than or equal 
to L and all intervals I of length |/| < r. Clearly, A is an increasing function of both its 
arguments and moreover, 

A(L,r + a) <A(L,r) + A(L,a). 

Hence we may define 

A»(L) = limA(L,r) 

and we have that for all r, 

A(L, r) < +00 A*(L) < +00. 

Finally, we define 

Emax = sup{L : A*(L) < +00}. (6.1) 
We see that Theorem 11.11 is equivalent to the following statement. 

Theorem 6.1. E max = +00. In particular every solution of (11.11) is global. 

Proof of Theorem \6.1[ Suppose for contradiction that E max < +00. From now on, all 
our constants are allowed to depend on E max . By definition, there exists a sequence of 
solutions Uk such that 

E(u k ) -> E maX) ||wfc|U(-T fc ,o), ||wfc|U( ,T fc ) ~* +°° ( 6 - 2 ) 

for some T k , T k — > as k — )■ +00. We now apply Proposition 15.41 to the sequence {u k (0)}k 
with 4 = (-T k ,T k ). This gives a decomposition 

u k (0)=g+ ^+R(- 

l<a<J 

We first consider the remainder and note that, for p e {po,Pi} and q — (po + 4)/2, 

E^ /2 |l^^ A ^III^(T3 X Z fe ) 



N 



< [supiV^||e^P^|| L . (T 3 x4) ] p -^ [a^-^I^a^ 

N — L 

< [supAr-i|| e itA P^|| Lr , (T 3 X/fe) ] p - 9 X;^ll^!ll 2 

< [supiY-5||e itA P iV ^|| Lr > (T 3 x4) ] p - 9 . 



(TSxJk) 



Therefore 



A? 

AtA nJ 



limsuplimsup ||e l4A i^ || z(/fe) = 0. (6.3) 

J— »+oo fc— >+oo 



Case I: {^^-(0)}^ converges strongly in H l (T 3 ) to its limit g which satisfies E(g) 
E m ax- Then, by Strichartz estimates, there exists 77 > such that, for k large enough 

||e itA «*(0)|| z( _ Tfc , T * ) < ||e ifA ^||z(-^) + o fc (l) < 5 , 
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where 5q is given by the local theory in Proposition 13.31 In this case, we conclude that 
ll M fc||z(-T fe ,T fc ) 2<5 which contradicts (16. 2p . 

Case Ila: g = and there are no profile. Then, taking J sufficiently large, we get that 

\\e UA u k (0)\\ z{Ik) = \\e UA R J k \\ z{Ik) <5 

where 5 is as above. Once again, this contradicts (16. 2p . 

Case lib: g = and there is only one Euclidean profile, such that 

Uk(0) = 4>o k + Ofe(l) 

in H 1 (see (I6.4p ). where O is a Euclidean frame. In this case, we let Uk be the solution of 
(II. ip with initial data C4(0) = ipo k and we use (I4.18P to get, for k large enough 

\\Uk\\z(-T k ,Tk) < \\Uk\\z{-5,5) < 1 and lim ||£4(0) -u k (0)\\ H i -)• 0. 

k— ¥+oo 

We may use Proposition 13.41 to deduce that 

ll M fc|U(-r fc ,T fc ) < \\ u k\\x 1 (-T k ,T k ) ^ 1 

which contradicts (16.21) . 

Case III: There exists at least one profile or g ^ 0. Using Lemma [5.21 and passing to 
a subsequence, we may renormalize every Euclidean profile, that is, up to passing to an 
equivalent profile, we may assume that for every Euclidean frame O a , O a G Jv Besides, 
using Lemma 15721 and passing to a subsequence once again, we may assume that for every 
a p, either N^/N^ + N^/N^ -+ +oo as k ->• +oo or N£ = N% for all k and in this 
case, either = as k — >• +oo or {N^) 2 \t1 — t k \ — > +oo as k — >• +oo. Now for every 
linear profile ip^a , we define the associated nonlinear profile U% as the maximal solution of 

(II. ip with initial data 11^(0) = A more precise description of each nonlinear profile 
is given by Proposition 14.41 Similarly, we define W to be the nonlinear solution of (11.11) 
with initial data g. 

From (15.81) we see that, after extracting a subsequence, 



E(a) := lim E(^ a ) G (0,E V 

fc— >+oo k 



lim [ V E(a)+ lim E(R J k )] <E max -E(g). 



(6.4) 



J— >+oo ' J k— >+oo 
Ka<J 



Up to relabeling the profiles, we can assume that for all a, E(a) < E(l) < E max — r], 
E(g) < E max — 7] for some rj > 0. Consequently, all the nonlinear profiles are global and 
satisfy 

ll^lk-i,!) + iraU(-i,i) < 3A{E max -r)/2,2) < 1, 
where from now on all the implicit constants are allowed to depend on A(E max — rj/2, 2). 
Using Proposition 13.41 it follows that 

||^|Ui(-i,i) + ll^ Q Hxi(-i,i) <1- (6-5) 
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For J, k > 1 we define 

j 

a=l 

We show first that there is a constant Q < 1 such that 

j j 

ll^o/, fc llx 1( -i,i) + l^llxM-i,i)+E IKIIxH-LD+E W-e^SjIU^-i,!) < Q 2 , (6-6) 

ct=l a=l 

uniformly in J, for all fc > fco(J) sufficiently large. Indeed, a simple fixed point argument 
as in section [3] shows that there exists 5q > such that if 

||0||//i(T3) = 5 < 8 

then the unique strong solution of (11.11) with initial data is global and satisfies 

IHUh-2,2) < 26 and ||n-e itA 0|| x i ( _ 2 , 2) <5 4 . (6.7) 

From (16 .4p . we know that there are only finitely many profiles such that E(a) > 5q/2. 
Without loss of generality, we may assume that for all a > A, E(a) < 5 . Using (15. 8p . 
(16. 5p . and (16 .7p we then see that 

\Wprof,k\\xH-l,l) = \\W + 2j ^fclU^-l,!) 

l<a<J 

< II^IUh-1,1) + E \\Uk\\x H -i,i) + \\ E (f/ fc Q -e !t X(0))b 1K i) 

l<a<A A<o<J 

A<a<J 

<1 + A+ E ( a ) + \\ E 0?(O)|k<l. 

The bound on ^ a=1 ll^fc llx^-i i) * s similar (in fact easier), which gives (I6.6p . 
We now claim that 

Kvm = w + E u k+^ tA R J k 

l<o<J 

is an approximate solution for all J > Jo an d all k > ko(J) sufficiently large. We saw 
in (I6.6p that k has bounded X 1 -norm. Let e = e{2Q 2 ) be the constant given in 
Proposition 13.41 We compute 

e = (id t + A) U^ k - F(U^ k ) = F{W) + E F ( U k) ~ F{U J appM ) 

l<a<J 

= F(U; rofik ) - F(U^ of>k + e UA R{) + F (W) + E F(U^) - F(U^ k ). 

l<a<J 
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and appealing to Lemma 16.21 below, we obtain that 

limsup ||e||jv(/ fc ) < s/2 

k—^+oo 

for J > Jo(e). In this case, we may use Proposition 13.41 to conclude that u k satisfies 

||«fe|Ul(4) < \\Ua pp ,k\\x->-(I k ) < ll^/r /,fcllxi(-l,l) + |l el * A ^felUl(-l,l) ~ 1 

which contradicts (16.21) . This finishes the proof. □ 

We have now proved our main theorem, except for the following important assertion. 

Lemma 6.2. With the notation in Case III of the proof of Theorem \6.1\ we have that, 
for fixed J, 

]imsup\\F(U£. ofik )-F(W)- F(UZ)\\ N{Ik) = 0. (6.8) 
k ^ + °° i< a <j 



Besides, we also have that 



limsup limsup \\F{U^. of>k + e ttA R J k ) - F(U J proLk )\\ N{Ik) = 0. (6.9) 

J— >+oo k— >+oo 

7. Proof of lemma 16.21 

We will need the following lemma which states that a high-frequency linear solution 
does not interact significantly with a low-frequency profile. Recall from Section [2] that 
04,1(0,6) denotes a quentity which is quartic in {a, a} and linear in {b,b}. 

Lemma 7.1. Assume that B, N > 2 are dyadic numbers and u : T 3 x (—1, 1) — > C is a 
function satisfying \V^uj\ < N^ 1 ^ 2 !^^- 1 ,^^- 2 }, j = 0, 1. Then 

Proof of Lemma \7J\ We may assume that ||/||_ffi(T 3 ) = 1 and / = P> bn f ■ We notice 
that 

\\0^(u,e UA P >BN f)\\^ ltlim) < ||D 4 ,i(a;,Ve^ A /)|Ui (( _ lil)iI/2) 

+ ||e l * /lUfxHklli^lllVa;! + |w||| L 4 L oo 

Now we write 



|£)4,i(a;, Ve^ A /)||i 1(( _ 1>1)iL2) < N- 2 \\W*-Ve UA f\\l HT3x{ _ 1A 



)) 

7=1 J ~ 1 



3 

3 r nl 

<N- 2 J2{djf, / e- itA We itA dt 
, =1 Ut=-i 



9jf)L 2 xL 2 (T 3 ), 
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where W{x,t) = iVVC^"* -1 ^)^^ 2 *)- Therefore, it remains to prove that 

HtflUw-wW < iV 2 ^- 1 / 100 + iV- 1 / 100 ) where K = P >BN [ e~ ltA We UA P >BN dt. 

(7.1) 

We compute the Fourier coefficients of K as follows 

c p ,q = (e tpx , Ke iqx ) L 2 xL 2 ( j3- ) 

= (l-rf)(p/BN)(l-rf)(q/BN) [ e*[b\*-\A*to-*> x W k (x, t)dxdt 

= C (F x>t W) (p - q, \q\ 2 - b| 2 )(l - rf)(p/BN){l - V 3 )(q/BN). 
Hence, we obtain that 



\cm\ < N- 1 



1 + 



IN 2 - [g| 

N 2 



1 ~ 10 


ip-?r 







-10 



H\p\>BN}l{\q\>BN}- 



(7.2) 



Using Schur's lemma 



^||l2(T3)^L2 (T 3) < Slip ^ \ C P,l\ + SU P ^2 l^'fll' 



and the bound (17. 2p . for (17. II) it suffices to prove that 



iV -3 sup y2 
\p\>bn ^r? 3 



Ibl 2 - \p + v\ 

N 2 



1 ~ 10 


1+ H" 











~l -10 



< ( S -i/ioo + N -i 



/10O\ 



(7.3) 



We notice that the sum over |u| > N mm(N, B) 1 ^ 100 in the left-hand side of ( 17. 3p is 
easily bounded by C mm(N, B)^ 1 ^ 100 . Similarly, the sum over the vectors v with the 
property that \v\ < Nmm(N, I?) 1 / 100 and \p ■ v | > N 2 mm(N, B) 1 ^ 10 is also bounded by 
Cmin(iV, 5) -1 / 100 . Therefore, letting p — p/\p\ and using that \p\ > BN, it remains to 
prove that 

10 

< min(AT,S)- 1 / 100 , 



|p-t)|<Afmin(A r ,B)- 9 / 10 

which is an elementary estimate. 
We will need one more lemma. 



1+ \v\ 
N 



□ 



Lemma 7.2. Assume that O a = (Nk a ,tk, a T x k,a)k -F e , a G {1,2}, are two orthogonal 
frames, I C (—1,1) is a fixed open interval, G I, and Ti,T 2 ,R G [1, oo) are fixed 
numbers, R > T\ + T 2 . For k large enough let 



S k , a = {(x,t) G T 3 x I : \t - t Ka \ < T.iV- 2 , \x - x k J < RN^J. 
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Assume that (co kj i, u) kj 2, fki 9k, hk)k are 5 sequences of functions with the properties 

\D> k ,a\ + N^ls^ ■ IW-mI < RNl^ m h Sk ^ < \m\ < 4, a e {1,2}, 
||/fc|Ul(/) < 1, Hpfcllx^j) < 1, ll^fcllx 1 ^) < 1, 
for any k sufficiently large. Then 

lim ||wjfc,iWfc,2/fcfl'fe/ijk||jv 1 m = 0. 

k— >oo 

Proof of Lemma\T^ Fix e > small. If N kyl /N kt2 + N k jN kA < e~ 1000 and k is large 



enough then S k) i R S ki 2 = 0, thus 

^k,l^k,2fk9kh k = 0. 

If 

iV M /iV fc , 2 > e- 1000 /2 ( 7.5) 

we observe that 
and 

||^fc,2|Ul(7) 1, ||^A;,2||z(/) <R e, 1 1 -fVe-iOJVfejj ^Jfe,2 1 1 -X" 1 (J) <R ^ (7-6) 

where the bound on the X 1 -norm above and below is computed using (12.51) . Also, we 
decompose 

W k A = + P> 

(7.7) 

Using Lemma fl3.4|) . and the bounds (17.61) . (17.71) . we estimate, assuming (17. 5p . 

\\u k AUJk,2fkgkh k \\N 1 {I) \\(P<e 50 N k!l ^~ ! k,l)^k,2fkghh k \\N 1 (I) 

+ \\(P>e BO N K1 ^k,l)(P>€- l0 N k2 UJ k,2)fk9kh k \\N l {I) 
+ ||(^>e 60 JV fc , 1 ^M)(-P<e- 10 iV fc2 w &,2)/fefl'ifc^fe||Arl(/) 

The conclusion of the lemma follows. □ 

We turn now to the proof of Lemma [6721 We will use repeatedly the following description 
of the nonlinear profiles U^- Using Proposition 14.41 Lemma 14721 and Lemma 14731 it follows 
that for any 6 > there is Tq = T^ 7 sufficiently large such that for all T 6j7 > Tq there 
is Rg t y sufficiently large such that for all k sufficiently large (depending on Re n ) we can 
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decompose 

y,8 7,5,-00 , y,8 , 7, 6, +00 . 7,6 



{71 



1/j-\TTl 17"f-t> 1 7,5 7,5. — 00 1 7,5 1 7, 5, +00 1 7,1 

(-T-^T-^Wk = V k + Pk =UJ k + ^k +^k + Pk 

11 7,5,±oon , || 7,5i| ^ n 

W^k Wz'i-T- 1 ^- 1 ) + WPk bfif-T" 1 ,^ 1 ) — U ' 

II 7,^,±ooi| 1 || 7 5 #|| <" 1 

ll^fc \\xh-t£,t£) + IK IIxH-t^ 1 ,^ 1 ) ~ 

I Wl + (iV fe 7 )- 2 l sr l < iM^) 1/2+H V' < \m\ < 6, 

, ,7, 5, ±00 \„i(t— t?)A„ rp I 17,5, ±oo\l 

w fc = 1 {±(^)>T e , 7 (^)-M < |<T-i}[e l * J )J> 

II0 7A±O °II^(K 3 ) < X > ^' ±0 ° = P<ReM lA±C °), W A± °°\W m < Ron, 
where 

Sf := {(*,*) G T 3 x (-T -^T^) : |t - f k \ < ^, 7 (iV^)- 2 , |* - x* k \ < Re,^)- 1 }. 

Indeed, one starts by examining (I4.20p and (I4.2ip with Tg n sufficiently large; all terms 
that have small X 1 norm are included in plf . The core uS^ e corresponds to the main term 
in (14.201) and the scattering components ul ,e ' ±OQ correspond to the main terms in (14.211) 
(after an additional regularization that produces additional acceptable X 1 errors). 
In addition, since UW^H^f-i,].) ^ 1 ; f° r an Y 9 > there is Tq > such that 

WWz^t-^t-^ < 9, WWWx^i.Tfi) £ !■ (7-9) 

Proof of (16. 8p . For fixed J, we have that 

l<a<J 

can be expressed as a finite linear combination of products of the form 

WlWtWlW^Wl (7.10) 

for Wl G {W, W, U£, U k , 1 < a < J}, with at least two terms differing by more than just 
complex conjugation. 

Assume 9 > is fixed. We further decompose the profiles U£, 1 < a < J according to 
the first line in (17.81) and set 

T e , a = Tq^ := Tq for any a, (3 G {1, . . . , J}. 

For k large enough, all expressions arising from a product as in (I7.10p containing an error 
term p^ e are < 9 in the iV 1 (/fc) norm, in view of Lemma 13.21 Similarly, all expressions 
containing two scattering components u k ' d ' ±ao and uj k ' e,±oc (or one scattering component 
ujfr' ' 00 and W) are also < 9 in the A^ 1 (// c ) norm, using again Lemma 21 All expressions 
containing two different cores u k ' e and cuf' 6 *, a ^ (3, converge to in the iV 1 ^) norm, in 
view of Lemma 17.21 Therefore it remains to prove that 

hmsup ||D 4> i(a;^,a;^ ±00 )|U 1(4) < 9 l ' l \ (7.11) 

k— >oo 
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for any a = 0, 1, ... J, p = 1, 2, ... J, a ± (3, w 0A±o ° := W ■ l ( _ T -i 
Let N k :— 1. The limit (17. lip is an easy consequence of Lemma [7.11 if 



urn , n a . / .n 

k— >oo 

If 



lim iV^/M* = oo. 



k— >oo 

the limit (17. lip follows from (13.41) . after decomposing as in (j7.7| and using the smallness 
inZ'(/ fc )ofu;°' e ' ±00 . ifi 

/f and +a - +/3 
then ' 9 a; °' 9 ' ±00 = o. Finally, assume that 



lim Nl/N£ = oo. 



N£ = and t£ = t£ as k -> oo 



= jVf and lim N?\tfj* -£\ l / 2 = oo. 

fe— ^oo 

Fix </M ±0 ° e L7 °°(R 3 ) such that ||0 a - e ' ±o ° - a ' e ' ±oo ||^i < 9 and define 

~a,0,±oo _ n r„i(t— t?)A^ 71 /7cc,0,±ooM 

W fc - 1 {±{t-t^)>Te, a (N^,\t\<T- 1 j[ e K x «l NS {(p )\. 

Then, using Lemma [3.21 for all k sufficiently large 

Moreover, using dHZD with T = N k \t% - if I 1 / 2 and p = oo, it follows easily that 

lim sup WO^k 8 ^k A±00 ) hi(i k ,m) = 0. 

fe— >oo 

This completes the proof of (17. lip . □ 
Proof of (16.91) . We compute that, for fixed J, 



■i 



\\ F (Up, roftk + e ltA R{) - F(Up roLk )\\ N ( h ) < ^2 \\8p,5-p(U^of,ki e%tAR k)\\N(i h ), 

where Ptq (a, b) stands for a p + g-linear expression with p factors consisting of either a 
or a and g factors consisting of either b or b. Using Lemma ( 13.21) and the fact that Up ro f k 
is uniformly bounded in X 1 , we can control the terms corresponding to p < 3 as follows 

\\^ P ,5- P (Up roLk} e ltA R-l)\\ N{I) < lle^^ll^jlle^^ll^llL^^ll^i^ < \\e ltA R( \\z>(i)- 

In view of (16. 3p . this contribution is acceptable. 

Now, we only need to treat the contribution of p = 4. Assume e > is fixed. As in the 
proof of (16. 6p (using also Lemma l5\2l (ii)), there is A = A(e) sufficiently large such that 
for all J > A and all k > k (J) 

\\Uprof,k ~ Uprof^Wx 1 ^!,!) < e - 



3 Recall our assumptions on the frames O a described at the beginning of Case III in the previous 
section. 
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In view of Lemma I3.2[ it remains to prove that 

J ^rof,k^ JX k)\\N(I k ) 



limsuplimsup \\O v (U^ rof k , e ltA R J k )\\ N(Ik) < e. 



J— >oo k— >oo 

Using the definition of Up ro j k , it suffices to prove that for any an, «2, c*3, 0:4 G {0, 1, ... , A} 
limsuplimsup \\D 1>1>hlil {U^ , U?, U? , U«\ e itA R J k )\\ N{Ik) < eA~\ (7.12) 

J— ¥00 k— >oo 

where U k :—W. 

Fix 9 = (eA~ 4 ) 10 and apply the decomposition in the first line of f lT.8 j) to all nonlinear 
profiles U k , a = 0, 1, . . . , A. We may also assume that 

To, a — Tq and Rq <01 = Re for any a = 1, . . . , A, 

and that all the bounds in (17. 8p and (I7.9P hold. Using these decompositions we examine 
now the terms in the expression 

lxl ^\U-\U-\U-\^R J k ). 

Recalling that 

limsuplimsup \\e itA R J k \\ z{h) = 0, (7.13) 

J— s-+oo fc— >+oo 

see (16.31) . and using Lemma I3T2"1 for (17.121) it suffices to prove that 

limsuplimsup HDi,!,!,!,!^ 1 ' , u k 2 ' 9 , u k 3 ' e , u k 4 ' e , e ltA R J k )\\ N{Ik) < eA~ 4 , 

J— >oo k— >oo 

for any a 1; a 2 , a 3 , a 4 G {1, . . . , A}. Using Lemma U72\ we only need to consider the case 
«i = a 2 = «3 = «4, i-e. it remains to prove that for any a G {1, . . . , A} 

limsuplimsup \\D, A (uf ,e UA R J k )\\ N{h) < eA~ 4 . (7.14) 

J— >oo k—>oo 

We apply Lemma I7TT1 with B sufficiently large (depending on R$), thus, for any J > A, 
limsup ||£> 4 ,iK' fl \P>BN^ tA R J k )\\ N{Ik) < eA~\ (7.15) 

k— >oo 



We may assume that B is sufficiently large such that, for k large 

II D a fi II ' A —4 

Using Lemma [3.21 and the bounds (17.131) and (I7.15p . for (17. 14p it remains to prove that 



limsuplimsup \\D AA (P >B -i N *uj k ' ,P< BN «e l R k )\\ N (i k ) = 0. 

J— >oo k— >oo 



This follows from (13.41) and (I7.13p . which completes the proof. □ 
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